Recent approaches used to characterize the elastic or viscoelastic properties of materials with nanoscale resolution have focused on the contact resonances of atomic force microscope (CR-AFM) probes. The experiments for these CR-AFM methods involve measurement of several contact resonances from which the resonant frequency and peak width are found. The contact resonance values are then compared with the noncontact values in order for the sample properties to be evaluated. The data analysis requires vibration models associated with the probe during contact in order for the beam response to be deconvolved from the measured spectra. To date, the majority of CR-AFM research has used rectangular probes that have a relatively simple vibration response. Recently, U-shaped AFM probes have created much interest because they allow local sample heating. However, the vibration response of these probes is much more complex such that CR-AFM is still in its infancy. In this article, a simplified analytical model of U-shaped probes is evaluated for contact resonance applications relative to a more complex finite element (FE) computational model. The tip-sample contact is modeled using three orthogonal Kelvin-Voigt elements such that the resonant frequency and peak width of each mode are functions of the contact conditions. For the purely elastic case, the frequency results of the simple model are within 8% of the FE model for the lowest six modes over a wide range of contact stiffness values. Results for the viscoelastic contact problem for which the quality factor of the lowest six modes is compared show agreement to within 13%. These results suggest that this simple model can be used effectively to evaluate CR-AFM experimental results during AFM scanning such that quantitative mapping of viscoelastic properties may be possible using U-shaped probes. V C 2016 AIP Publishing LLC.
I. INTRODUCTION
The development of new materials often results in heterogeneous composition that spans multiple length scales. In order for new material designs to be fully understood, measurements that can quantify behavior at appropriate scales, often down to the nanoscale, are required. The contact resonance atomic force microscope (CR-AFM) technique is a promising materials characterization approach, which can quantify the elastic [1] [2] [3] [4] [5] [6] [7] [8] [9] as well as viscoelastic [10] [11] [12] [13] [14] [15] [16] properties of materials with spatial resolution on the order of tens of nanometers. CR-AFM uses the vibration spectra of an AFM probe during vibrations for both the noncontact case, and when the tip is in contact with a sample. Rabe et al. 17 first presented this approach and included an analytical solution for the dynamic behavior of the AFM probe. More recently, Yuya et al. 10, 18 developed a method to find the viscoelastic properties of a sample from experiment by following a similar approach. CR-AFM is becoming well accepted for analyzing the properties of a wide variety of materials such as polymers, [11] [12] [13] [14] 16, 18, 23 biological materials, 16, 25, 26 composite materials, 27 dielectric materials, 28 metallic glass, 29 and metals. 6, 8, 9 It has shown great promise for many interesting problems especially those involving the interfaces of a multi-phase material. These are some examples that illustrate the demand for nanoscale property measurements. The basis of CR-AFM is that each resonance shifts to a higher frequency for the contact case compared with the noncontact case, which provides the necessary data to find the sample stiffness. 17, 19, 20 Likewise, the change in the width of the resonances can be used to find material damping. 16, 18 For both types of samples, the inversion algorithm to find the properties involves a deconvolution of the probe vibration response. Thus, the creation of quantitative images of properties from CR-AFM spectra during scanning requires simple analytical solutions of the probe vibrations in order for the inversion to be made during the experiment rather than as a post-processing step.
Recently developed U-shaped AFM probes allow a current to be passed through them to heat the tip which offers new possibilities for AFM measurements at different temperatures. Thermomechanical measurements of polymers are critical for a clear picture of their behavior. In addition, a Ushaped probe can also carry the required oscillating current which can induce the Lorentz force for interaction with a magnetic field. Lorentz force actuation allows contact resonances to be measured cleanly without the parasitic noise that is sometimes common for conventional piezoelectric excitation. [21] [22] [23] Such measurements using U-shaped probes were recently compared with a computational finite element (FE) analysis of the U-shaped probe response. 24 That work was focused on contact stiffness such that the model did not include damping. Although illustrative, such FE models are limited in many instances, because manufacturing variations among individual AFM probes are still quite large such that the iterative FE modeling necessary to match experiments is not practical. The use of U-shaped probes for CR-AFM is very new, and the complex vibrations of such probes can be difficult to interpret. Thus, simple analytical models are needed to exploit the many advantages of their design. 24, 30, 31 In this article, an analytical model for the vibrations of U-shaped AFM probe in contact with a viscoelastic sample is presented. The model is an extension of previous work that considered only the free (noncontact) vibrations. 32 This three-beam model (TBM) is based on the response of three connected beams which can both bend and twist. Two of the beams are parallel and define the legs of the U-shaped probe, and the third is the cross beam that is perpendicular to both legs. A comparison of the TBM with the finite element method (FEM) for the noncontact case showed that the TBM works well. 32 Here, that work is extended to the case of tipsample contact that is modeled with three orthogonal Kelvin-Voigt viscoelastic elements. The normalized frequency and quality factor of several modes for a wide range of contact stiffness and damping are obtained from the TBM and compared with FEM. The results suggest that this simplified model is appropriate for fast analysis of CR-AFM spectra for U-shaped probes.
II. CONTACT CASE OF THE TBM
The analysis is based on the dynamics of a typical Ushaped probe in contact with a viscoelastic sample. For that goal, we consider the geometry of a commercial thermal cantilever, AN2-300, from Anasys Instruments. 33 For this type of probe, two parallel "legs" of the same length are connected with a cross beam as illustrated in Fig. 1 . The two legs of the U-shaped probe are clamped at one end, and the cross beam is coupled to them at the other end. For each of the legs and cross beam, only flexural and torsional displacements are considered, and for simplicity lateral and axial displacements are neglected. This probe is modeled based on Euler-Bernoulli beam theory. It is important to note that the displacement behavior of the cross beam is an important part of the overall response. Initial models that included only a rigid cross beam did not produce the frequency behavior observed for the FEM nor experiments. Thus, the equations of motion for both flexural and torsional vibrations for each beam are given by 32 
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where the vertical displacement w and twist angle / are functions of position x (y for the cross beam) and time t.
Here, I is the area moment of inertia, A is the cross-sectional area of the beam, and J is the polar area moment of inertia. The properties of the probe include E, the Young's modulus, q, the volumetric density, and GK, the torsional stiffness. Geometric parameters of the U-shaped probe are depicted in Fig. 1 . Here, b 1 is the leg width, b 3 is the cross beam width, L 3 is the cross beam length, and two other parameters H x and H z represent the axial and vertical locations of the tip-sample contact with respect to the middle of the cross beam. All of these geometrical parameters are nondimensionalized with respect to the probe length, and the tilde ($) is used to denote the dimensionless parameters. Following the geometrical parameters, time is also cast in dimensionless form, allowing a dimensionless time s to be defined as
Finally, the dimensionless equations of flexural and torsional motion for the three beams of the system are given bỹ w conditions at the clamped ends, three for each leg, are given byw
The other boundary and continuity conditions are defined at the joints of the legs and the cross beam. The continuity conditions of displacement and slope are given bỹ
Kelvin-Voigt elements are used to model the tip-sample contact as shown in Fig. 1 . These elements are defined in the axial (k a , c a ), normal (k n , c n ), and transverse (k t , c t ) directions. Each spring and dashpot introduces forces and moments that contribute to the overall eigenvalue problem. Thus, six more continuity conditions at the joints are used to define the continuity of force. These continuity conditions are discussed in detail in the Appendix. The external damping and stiffness which come from the contact can be nondimensionalized with respect to the equivalent probe stiffness. The equivalent bending stiffness of the U-shaped probe can be estimated as two times the leg stiffness, or 6EI/L 3 . Dimensionless variables for contact stiffness and damping, a and b, are then defined as a n;t;a ¼ k n;t;a
where the indices n, t, and a represent the contact directions. These dimensionless variables arise from the continuity conditions which define the load relations (see the Appendix). They subsequently appear in the characteristic equation of the system that defines the wavenumbers for the system in contact, which means that they also affect the contact resonances. The dimensionless relation between wavenumber (j) and frequency (f) can be written as
which implies that
where L is the length of the legs, andh is the dimensionless cantilever thickness. Equation (13) is written under the assumption that the cross section of each beam is rectangular.
As discussed above, the coupled vibrational motion of a U-shaped probe, considering only flexural and torsional motion, results in a system of 18 equations with 18 unknowns. 32 Application of the clamped boundary conditions reduces the number of equations to 12, which define the eigenvalue problem for the contact case. Six of the continuity conditions are expressed in Eqs. (5)- (10) and the other six are stated in Eqs. (A4)-(A9). As discussed previously, 32 Eq. (4) can be solved by separation of variables for the flexural and torsional motion of the legs and cross beam. The resulting eigenvalue problem is defined from these continuity conditions. The determinant of the matrix of coefficients of the unknowns is the characteristic equation, from which the roots define the natural frequencies and Q-factors for all resonances. When the tip is not in contact with the sample, and assuming no damping from the surrounding fluid or within the probe material, the resulting equations are entirely real. 32 When damping in the tip-sample contact is considered, the governing equations are no longer strictly real. In this case, these equations acquire an imaginary part that comes from the damping of the sample defined by the dashpots. Due to the temporal derivative in velocity, the imaginary part appears in these equations. A schematic of the system of equations for both the noncontact and contact cases can be illustrated as
The solution of the eigenvalue problem given by the schematic Eq. (14) for the noncontact case shows that this type of the probe has two different kinds of flexural modes. For the first type of mode, the legs move in phase with each other such that these modes are called "symmetric." Other modes exhibit motion with the legs moving out of phase with each other such that these modes are called "asymmetric." Although the cross beam also has its own vibrational response that is coupled with the two legs, here the modes are identified based primarily on the leg motion. The symmetric modes have simpler motion that is similar to that of rectangular beams studied previously. The mode shapes for the asymmetric modes are more complicated. For instance, the first asymmetric mode results in very little vertical motion of the tip because the crossbeam behavior is dominated by rigid body deflection, as depicted in Fig. 2 
(b).
The wavenumbers obtained from the TBM, i.e., Eq. (14), are complex when damping is included. The quality factor of each mode is related to the corresponding complex wavenumber. 10, 18 Each dimensionless complex wavenumber is defined as j r ¼ a r þ ib r , where a r and b r denote the real and imaginary parts of the wavenumber, respectively. The free vibration amplitude of the rth mode of the system is given by
where N ¼ EI/qA L 4 , and v is dimensionless beam damping. By assuming that the imaginary part of the wavenumber is smaller than the real part (i.e., b r ( a r ), the response for this mode can be written as
Near the resonance, the response should be significant, which implies that the real part of the denominator must be equal to zero such that
Substituting Eq. (17) into Eq. (16) and dividing by x 2 n gives
The frequency response equation based on the natural frequency and viscous damping factor can be stated as
Evaluating Eqs. (18) and (19) at the resonant frequency, and comparing them to each other, the relation of the quality factor and wavenumber for each mode can be found as
In Sec. III, the finite element formulation of the same vibration problem is discussed. Of particular emphasis is the damped problem for which the determination of quality factor is nontrivial. Then, comparisons between the two models are made for both the elastic and viscoelastic cases.
III. FE MODELING
The U-shaped probe is also modeled using commercial FE software (Abaqus). It is meshed using 20-node quadratic brick elements, which have nodes at their corners as well as their midside. To remove possible mesh dependency and also to be efficient in time and memory, the probe is meshed with 3000 elements in the main body. The tip and extended part of the probe are assumed to be massless and rigid (imposing much higher stiffness), and these parts also are meshed with the same type of element.
As with the analytical model, contact in the FEM is also modeled using three orthogonal Kelvin-Voigt elements. Each element connects the end point of the tip to ground, and they are defined in the normal, axial, and transverse directions. The elements of contact are defined such that each has an influence only in the assumed direction for any type of probe motion (i.e., the elements are not allow to rotate). The contact elements available in the FE software allow the contact to be defined for both the damped and undamped cases.
In the FEM, the ratio of the leg width to the length of the probe is 0.052, and this value for the cross beam width is 0.034. The dimensionless cross beam length is 0.11, and the thickness of the probe is 0.007 of the length of the probe, which is the same through the whole probe. The Young's modulus for the model is chosen as 130 GPa, Poisson's ratio as 0.22, and the density as 2329 kg/m 3 . The selected properties are representative of silicon. Although single-crystal silicon is anisotropic, here the probe is considered to be isotropic for simplification. The analytical TBM also assumes material isotropy.
A. FEM modal analysis
In CR-AFM, the properties of the resonant peaks are key factors that need to be determined, and the two most important properties are the resonant frequency and its width or quality factor. Thus, these parameters will be used for comparison between the FEM and TBM. The output of the FEM software can be obtained by solving the problem in two steps. The first step of the FEM gives an output of the frequencies alone, and after the second step the software provides both the real and imaginary parts of the eigenvalues. The complex eigenvalues resulting from the FE software must then be interpreted in order to identify the resonant frequencies and quality factors for all modes. The meshed equations of motion of the resulting n-degree-of-freedom system can be put in matrix form assuming arbitrary viscous damping as
which governs the displacement vector q with the overdots denoting temporal derivatives. Here, M is the system mass matrix, C represents the damping matrix, and K denotes the stiffness matrix of the system. The solution for this set of n equations requires the problem first to be expressed in the state space form. 34, 35 In this case, two obvious identities are introduced by rearrangement of Eq. (21) as
Then, the state vector x(t) is defined by xðtÞ ¼ qðtÞ _ qðtÞ
Equation (22) can then be rewritten in state form as
where the matrix of coefficients, A, is given by
The solution of the state equation, Eq. (24), can be obtained by means of a modal analysis in the state space, and its solution is assumed to have exponential form
where X is a constant vector (eigenvector), and k is a complex scalar constant (the eigenvalue). Here, the eigenvalue can be a complex number, so that the solution can be rewritten as
where k R and k I define the real and imaginary parts of the eigenvalue, respectively, with both values assumed to be strictly real. The analogous response of a damped single degree of freedom system is given by 34 xðtÞ ¼ Xe Àfx n t e ix d t ;
where the damped natural frequency, x d , is related to damping factor, f, and undamped natural frequency, x n , by
Equations (27) and (28) imply a relation among the eigenvalue, the natural frequency, and the damping factor such that
Comparison of the solution stated in Eq. (27) with the one given in Eq. (28) shows that the natural frequency and damping factor can be found in terms of the real and imaginary parts of the eigenvalues. They are thus defined as
Equations (32) and (33) now give the relation connecting the complex eigenvalues obtained from the FEM solution with the physical terms, which can be acquired from the TBM frequency spectra peak analysis. The quality factor of each mode is then obtained from the viscous damping factor. 34 Substitution of Eq. (32) into Eq. (33) gives the relation of viscous damping factor to the real and imaginary parts of eigenvalues explicitly. Finally, the quality factor can be expressed in terms of the FEM eigenvalues as
IV. RESULTS
The comparison between the TBM and FEM is comprised of two parts. First, the results for the undamped contact case are presented, and then the results that include damping in the contact are shown. For both aspects, we first examine individual components of the contact (i.e., a single Kelvin-Voigt element) and then examine the combined effect for which specific relations are assumed between the axial and transverse elements in terms of the normal. It is important to note, however, that all parameters of the tipsample contact are independent in reality and will need to be evaluated as such for comparison with experiments.
A. Undamped contact vibrations
Figures 3-5 depict the results for undamped vibration frequencies as a function of dimensionless contact stiffness (all damping is zero). The values for the resonant frequency are shown in normalized form, relative to the first noncontact frequency (i.e., the fundamental frequency f 0 ). Solid and dashed lines in the figures represent the resonant frequencies from the TBM for symmetric and asymmetric modes, respectively. The FEM results are shown at several values using square markers. The TBM calculations are much faster than FEM so that smooth curves can be generated over a wide range of contact stiffness. The selected FEM values were chosen to span the same range. The lowest value of the contact stiffness is only 1% of the probe equivalent stiffness such that the lowest value is representative of the noncontact case for these six modes. On the other hand, the upper end of contact stiffness (one million times the probe equivalent stiffness) represents the case for which the tip-sample contact may be considered to be "pinned" for all six modes. Although such a high contact stiffness is perhaps unphysical, it allows the upper plateau region to be clearly examined.
In general, the frequency change of each mode shows sensitivity primarily to the stiffness component that restricts its motion. Thus, a vertical restriction to a mode that does not have any motion in this direction does not show any frequency shift (e.g., the asymmetric modes in Fig. 3 are unchanged with respect to normal contact stiffness). By contrast, modes with large vertical modal displacements at the tip will show the most significant changes with normal contact stiffness. Thus, the mode shape also plays an important role in the results presented here, as illustrated in Fig. 2 . The results in Fig. 3 show the change in frequency relative to the normal stiffness only (a a ¼ a t ¼ 0). We see that the first symmetric frequency begins at unity and increases up to about 5 times the fundamental. The normalized frequency of the second symmetric mode increases about three times from 5 to slightly less than 15. The normalized frequency of the third symmetric mode also increases about 75% from about 17 to 30 due to the stiffening of the contact in the normal direction. For these results, the symmetric modes behave similarly to rectangular AFM probes studied previously. As expected, the asymmetric modes show no change to normal contact stiffness variation. For this example, the TBM predicts the frequency response very well relative to the FEM. In particular, there are some residual differences between the TBM and FEM solutions from the noncontact solution, which stay unchanged for the asymmetric modes. These are about 8%, 3.75%, and 1.75% for first, second, and third asymmetric modes, respectively. The difference of TBM versus FEM for the symmetric modes varies with contact stiffness. The first symmetric mode of the TBM has only a half a percent error compared with the FEM for the noncontact case, which increases to 1.4% for high contact stiffness. The second symmetric mode has an error of a half percent too, and it stays less than 1% even for high values of normal contact stiffness. Unlike the second symmetric mode, the normalized frequency of the third symmetric mode has a 1% error for the noncontact case which decreases nearly to zero when the stiffness takes a high value. By examining the changes with respect to a single tip-sample contact component, the ordering of the modes can be easily observed. For example, although the normalized frequency of the first symmetric mode is more than 300% greater than its noncontact frequency, it still does not reach the value of the first asymmetric mode. The order of the second and the third modes changes when the dimensionless normal contact stiffness is between 100 and 200. This point is especially important when experimental results are considered.
In contrast to the normal contact stiffness, the transverse contact stiffness influences only the asymmetric flexural modes, as depicted in Fig. 4 . For the case considered here, the effect on the asymmetric modes is not as strong as that observed for the symmetric modes in Fig. 3 . We also observe that the order of the modes is not changed by the transverse stiffness alone for the large range of values considered here. The residual error of the free TBM to the free FEM for the first asymmetric mode is about 8% and shows a slight decrease to 7.5% for very high values of a t . The second asymmetric mode has an error of 3.75% for the free case, and it increases to 5.72% when the contact stiffness reaches its highest value. The third asymmetric flexural mode also has a similar trend as the second one. Its error relative to the FEM for the free case is 1.7%, and it increases to 3.3% for large a t . Nearly, all of the asymmetric modes start to increase when the dimensionless transverse contact stiffness is 10, but the rate of the increase varies with mode until they reach the pinned condition.
Finally, Figure 5 shows a more realistic tip-sample contact to illustrate the complexity of this vibration problem. In this case, the in-plane stiffnesses, transverse and axial, as well as out-of-plane stiffness, normal, are all included with a a ¼ a t ¼ 0.85a n (again without damping). Due to the inclusion of all contact stiffnesses, all modes show changes in their resonant frequency as expected. As shown in Fig. 5 , the symmetric modes show an influence that occurs in two steps with increasing contact stiffness. The earlier more significant rise happens for lower values of the stiffness and it correlates with the response observed for the normal contact stiffness alone, while the second change results from the axial contact stiffness. As mentioned previously, the asymmetric modes are affected only by the transverse contact stiffness variation. The TBM compares well with the FEM for a wide range of stiffness, and the trends of both models are very similar. The difference in the frequencies of the modes of the TBM compared with the FEM for the pinned case is less than 8% for all modes. These results also show how complicated the vibration response of these probes can be. The third and fourth modes are of particular interest because they clearly have a very close spacing for a wide range of contact stiffness suggesting that they may be very difficult to differentiate during experiments using frequency data alone. In this case, a simple model such as the TBM can be used to simulate a wide range of conditions in order to study the crossing behavior of these modes. Overall, the TBM shows clear value for modeling this complex vibration problem when contact stiffness alone is considered. Next, damping in the contact is considered.
B. Damped contact vibrations
The second set of results is dedicated to tip-sample contact that includes damping effects. For this case, the TBM solution given by Eq. (14) must be solved for both the real and imaginary parts of the complex wavenumber. Because this solution is not as simple as the undamped case, a discussion of the solution space is first illustrated. Figure 6 is a plot of the value of the characteristic equation in terms of the real (horizontal axis) and imaginary (vertical axis) values of the complex wavenumber with darker colors indicating lower values. Thus, the solution for a given mode is found when this function reaches a local minimum. Results for the first six modes are indicated for a given set of contact conditions (a n ¼ 100 and b n ¼ 1; other contact elements are zero). For the case without damping, all modes would be restricted to the horizontal axis because the imaginary part of all wavenumbers would be zero. As the damping increases, the modes obtain an imaginary part. As these results show, the magnitude of the imaginary part is not a simple function of b n , but is a function of the modal response. 18 Thus, this result highlights the challenges of this damped vibration problem with respect to the root-finding algorithm. For example, the third and fourth modes (for this case with j real near 6.5) may have closely spaced root basins that can make it difficult to find all modes without very good initial guesses that are close to the minima. In addition, the trend with respect to the amount of damping is different for each mode. As illustrated for the values chosen, for each pair of modes (one symmetric, one asymmetric), the symmetric is more sensitive to the damping than the asymmetric one primarily because of the mode shape. In the results that follow, the minima are tracked using small changes in contact parameters in order for the values of the complex wavenumbers to be identified.
The results from the damped vibrations are examined with respect to the quality factors for each mode. Using Eqs. (20) and (34), values of Q for the TBM and FEM can be calculated from the complex wavenumbers of each model. Results for two different cases of contact stiffness are shown in Tables I and II. In Table I , a n ¼ 100 and the other two contact stiffnesses are 85% of that value. In Table II , all stiffness values are one tenth of those in Table I . In each case, the transverse and axial dimensionless damping parameters are also assumed to be 85% of the normal damping. As before, only the six lowest modes are examined. The results are tabulated according to b n . For all cases, the damping is assumed to be much lower than the contact stiffness such that j imag ( j real . Thus, the damping is allowed to vary up to 1% of the dimensionless contact stiffness.
The differences in Q-factor between the two models stay nearly constant for the different values of dimensionless contact damping, b n . For the higher stiffness case, Table I , except for the second asymmetric mode, all quality factors from the TBM are underpredicted relative to the FEM. The first symmetric mode is about 9% lower than the FEM, and for the first asymmetric the TBM solution is about 2% lower than the FEM. The second symmetric mode has an error of less than 7%, and for the higher mode the error is greater. The maximum error for both cases occurs for the highest FIG. 6 . The complex roots of the characteristic equation are governed by the determinant of the matrix shown in Eq. (14) . The local minima for this determinant define the real and imaginary parts of the complex wavenumber for each mode. The results shown are for the case with a n ¼ 100, b n ¼ 1 with all other contact elements zero. Comparison of the quality factor Q for values of b n for both the analytical TBM and numerical FEM for the case with a n ¼ 100, a a ¼ a t ¼ 0.85a n , and evaluated mode, the third asymmetric mode, and is about 13%. Although these results show clear differences between the TBM and the FEM, the TBM estimates are very stable with respect to changes in tip-sample contact properties. Thus, it seems that future improvements to the model may allow such differences to be reduced.
V. CONCLUSIONS
In this article, the contact vibration response of a Ushaped thermal AFM probe has been examined using a simplified analytical model (TBM) and the more complex FEM. For both cases, the contact was modeled using three orthogonal spring-dashpot elements in order for the resonant frequencies and Q-factors to be determined. The results for contact stiffness alone showed that the TBM approximation is very good when compared with FEM over a wide range of contact stiffness values. Results for in-plane or out-of-plane stiffness alone as well as in combination suggest that the TBM can predict resonant frequencies to within 8% of the FEM for the first six modes. In addition, a viscoelastic contact was modeled in order for the resonant frequencies and Q-factors to be determined for each mode. In this case, the results show that TBM is a good approximation with respect to FEM for contact conditions involving both stiffness and damping in the contact.
The mapping of viscoelastic properties experimentally, even for a small area of interest, may require several hundred measurements of contact resonance spectra. Each measurement must be analyzed if the sample properties are to be determined quantitatively. Assuming a reasonable number of elements, the FEM will be much slower (several hundred times) than the TBM highlighting the utility of such an approximate approach. In addition, the variability of probe manufacturing makes it very difficult to generate FEM meshes that are well-suited for a given probe. Thus, we expect that approximate analytical models such as the TBM will prove themselves useful for in-situ analysis during AFM imaging. In addition, simple models will allow a wide range of measurement parameters to be simulated quickly in order for predictions to be made for a given sample. Because CR-AFM spectra can be difficult to interpret for Ushaped probes, 24 simple models may allow these spectra to be understood with greater clarity. Finally, the differences in the TBM predictions from the FEM may not be very important, especially if relative measurements (i.e., using a reference sample) are possible. The prospects for quantitative thermomechanical experiments on polymers are very exciting.
APPENDIX: CONTINUITY CONDITIONS FOR THE CONTACT CASE
The contact between the tip and the sample is assumed to be the source of all loads that may result for the contact vibration problem. For the analytical model, the contact is assumed to act at a single point. The displacement and velocity of this point create the relevant loads between the probe and the sample. These loads are in the three orthogonal directions corresponding with the spring-dashpot elements assumed. At the same time, all the continuity conditions between the two legs and the probe crossbeam need to be defined with the tip-sample contact in mind. Consequently, these loads must be transferred from the contact point of the tip to the joints. This transfer causes the contact forces to appear within the continuity conditions in the form of the forces and moments that are generated. This concept is illustrated schematically in Fig. 7 . For simplicity, the axial load, the transverse load, and the moment about the z-axis are neglected. Thus, the other forces and moments are given by F n ¼ Àk n Â w 3 ð0; tÞ À c n Â _ w 3 ð0; tÞ; (A1)
Similar to the contact loads, there are some loads due to the mass moment of inertia of the beams, as illustrated in Fig. 8 . They are defined at the mid-point of the cross beam, but once again they need to be transferred to the joint in order to be included in the continuity conditions for the eigenvalue Comparison of the quality factor Q for values of b n for both the analytical TBM and numerical FEM for the case with a n ¼ 10, a a ¼ a t ¼ 0.85a n , and 
where the dimensionless variablesC i are related to the contact forces, and the dimensionless variables g MM i are from mass moments of inertia. The following equations state these expressions in a more convenient form for use in the continuity conditions: The forces and moments which correspond with the mass moments of inertia can be simplified as 
These quantities have a physical interpretation. S 1 and S 2 define the bending stiffness of beams 2 and 3, respectively, relative to that of beam 1. S 3 , S 4 , and S 5 define the torsional stiffness of beams 1, 2, and 3, respectively, relative to the bending stiffness of beam 1. The two terms of mass moment of inertia are
